It is shown that electron cyclotron emission can be used for detailed diagnosis of mildly relativistic electron distribution functions, provided the plasma can be viewed along a line of constant magnetic field.
INTRODUCTION
Mildly relativistic electrons in a magnetic field radiate copiously due to their gyromotion. Expressions for the intensity and polarization of this 'cyclotron' (sometimes called 'synchrotron') emission are readily available [1, 2] , in the form of integrals, when the electron velocity distribution function is given. Therefore, in principle at least, it is possible to use observations of the emission characteristics to deduce information about the distribution function, and possibly also the magnetic field when it is unknown.
The way in which this has been done in the past has been to assume some form for the distribution function and then to calculate the emission from it, compare with experiment and then obtain some type of fit.
Naturally, the distribution function assumed has a few free parameters which can be adjusted to obtain the fit. It is then these parameters which are said to be 'measured'. For example, one may assume the distribution to be Maxwellian and hence described by two parameters ne and Te. This is the basis of the highly successful measurements of electron temperature, Te, in 'thermal' plasmas via the emission intensity of an optically thick harmonic [3] and of the proposed measurement of electron density, ne, via an optically thin harmonic [4] , the latter not yet fully successful.
When, as is often the case, the electron distribution is not well represented by a Maxwellian, i.e. it is non-thermal, the emission from high energy components can easily dominate over any (presumably) thermal bulk plasma emission. Cyclotron emission thus gives early evidence of deviations from Maxwellian due to high energy 'tails' on the distribution.
Numerous theoretical studies have been made of ways to interpret observations in terms of information about the electron distribution. These studies essentially all adopt a more or less ad hoc model of the distribution with a few free parameters, thus generalizing the Maxwellian approach. Examples of the types of distributions studied include:
1. sums of (shifted) Maxwellians of different energy [5-71;
Bimaxwellian distributions [8-10];
3. Maxwellian or Bimaxwellian with 'loss cones' or 'anti loss cones' [11-131. Naturally, these distributions have been adopted because of a combination of computational ease and a priori ideas of the approximate form of the distribution to be expected. In essence the result of interpretation of an observed spectrum using such a model is a set of 'best-fit' values of the few free parameters, usually a 'density' (or two) a 'temperature' (or two) and an 'anisotropy'. One recognizes that the exact form of the distribution will differ substantially from the model in most cases but nevertheless one has obtained important additional information about the distribution.
The purpose of the present work is to show that, in cases of practical interest, there is the potential for obtaining much more detailed information about the distribution function than is possible via previously adopted approaches. Or, in other words, that one can reasonably expect to be able to fit much more general distribution function models to emission (and possibly absorption) data, thus measuring 'many' parameters of the distribution. To do this type of deconvolution with reasonable accuracy generally requires one to adopt a distribution function model in which there is a direct, preferably one to one, relationship between the model parameters and the observed spectra.
We show that this can be achieved for reasonably tenuous plasmas (plasma frequency, op, < cyclotron frequency, Q) provided one can make quantitative measurements along chords through the plasma on which Although generalization to other angles is possible, we shall restrict our detailed calculations to perpendicular wave propagation, in which case the resonant locus is a circle, total momentum (p) -constant, and thus the two functions deducible are functions of total electron energy (or momentum).
We develop in Section 2 the formulae for the emissivity and introduce our general model for the electron distribution. In Section 3 we present the results of emissivity calculations for a tenuous plasma.
Analytic solutions valid for extreme anisotropy are given in Section 4. In Section 5 we show how the results change when plasma refraction is taken into account, and Section 6 outlines an extension to cyclotron absorption. Some of the conditions necessary for practical application of the technique are mentioned in Section 7.
CYCLOTRON EMISSIVITY
Cyclotron emission occurs by interaction of the electromagnetic fields with electrons satisfying the relativistic cyclotron (harmonic) resonance condition:
where w is the wave frequency, k its k-vector, TN'the refractive index vector (kc/w), Q the cyclotron frequency (eB/me), X the harmonic number, y the relativistic mass increase factor andTp~the relativistic electron momentum in units of mec (so that Y2 . 1 + p 2 ). We shall refer to components parallel and perpendicular to B by I and i . For given frequency and Nj this resonance defines an ellipse in momentum space which may be written (p -d) 2 2
The cyclotron emissivity of a plasma is then given by an integral of the distribution function, weighted by the single particle emissivity, over this ellipse. Therefore emissivity at a given iLVR, i and NII is related only to particles on this ellipse. As we shall see, it will be convenient to represent the distribution in terms which recognize this relationship.
We shall in fact choose to analyze here only the perpendicular propagation case, Ng = 0. As justification for this specialization we cite, in addition to its simplification of the analysis, that this choice minimizes harmonic overlap and also corresponds to the case most likely to be of experimental interest. A notable drawback to this choice is that its symmetry makes it impossible to distinguish positive and negative pg. Thus reflectional symmetry or asymmetry in the plane p1l = 0 is left undetermined. In this formula the delta function restricts the integral to the circular resonance and the implicit assumption is that the wave properties (N and polarization) are determined by some 'bulk' cold plasma through which the resonant locus in momentum space does not pass. In other words, it is valid at frequencies other than the thermal cyclotron resonances, w =X.
In the tenuous plasma case, N± + 1, K + 0, jt becomes the well known Schott-
(more often written in terms of r=~vc rather than-pl.
The total emissivity is a sum over all X but if there is no harmonic overlap we can treat harmonics separately.
Taking the distribution function to be gyrotropic (f = f(pi,pl)) the integral becomes:
Here 6 is the pitch angle, p j/p -cose. With the emissivity in this form it is plain that the natural way to express the distribution function is in the form of a product: The problem is thus reduced to an investigation of how the anisotropy of the distribution affects the pitch angle integrals:
where x± = XN±p/y.
In general we shall have only a very few independent harmonics, since for large k, overlap becomes more and more severe. Therefore, we are obliged now to make our only ad hoc assumption, namely that we shall choose f6 to have a form parametrized by a single function of p.
Explicitly we take
where [ If this were required then, in principle, our results could be used in a direct generalization utilizing a sum of two functions of the above form. This would naturally require more information to determine the appropriate sum. Distributions which are asymmetric in pu may be dealt with only by assumptions about this asymmetry since no information comes from the emission. For example it might be appropriate to take fe non zero only for 6 < 7T/2. Such a case is easily treated using the results here given, but to avoid confusion we shall deal with symmetric distributions and present results for cases where Eq. (12) applies for the full range of 6, 0 to n.
With this choice of fe distribution we can calculate the pitch angle integrals as a function of the anisotropy factor, A, and momentum.
Using the values of these integrals the deconvolution from observations can be performed to give fp(p) and A(p) and hence the distribution.
TENUOUS PLASMA, IGNORING REFRACTIVE EFFECTS
We now restrict our attention to cases in which the finite plasma density effects can be ignored, generally requiring w >> Wp. Later it will be shown how to correct these results when the finite density is not ignorable. For the present, then, the angle integrals are In order to deduce the effective value of A requires one to take a ratio of emissivities so as to eliminate fp(p).
Such a ratio can be obtained from the 0 data. As examples of particular interest we show in Fig.6 the ratio j32as a function of A and in Fig.7 the ratio j /j .
These show that the harmonic ratio J3/i2 is a sensitive measure of A for A < 0, prolate distributions, while the polarization ratio J /J~ is a sensitive measure of A for A > 0, oblate distributions.
The insensitivity of these ratios for the opposite inequalities prevents them being useful for those cases. For example the J3/i2 ratio cannot be used effectively to diagnose A > 0, oblate anisotropies.
The general procedure is to deduce A(p) from a suitable ratio of emissivities, using, for example, (3 11 ) 
2/P
Notice that the integral is now effectively over a short vertical straight line segment on which f -exp(Apj/p 2 ). Therefore this limit models a distribution with Gaussian perpendicular variation corresponding to a perpendicular temperature
In this limit of narrow perpendicular spread, when the integral can be taken as a straight line, it is easy to show that the emissivity of the Xth harmonic is proportional to the 2 Xth moment of the perpendicular momentum, 
Thus, for example, the value of T 1 deduced from the J3/i2 ratio using the 'straight line' approximation is an overestimate by already 25%
when A = -20. This approximation is thus accurate only for extremely anisotropic distributions.
Perpendicular 'tail', A >> 1
When A >> 1 the electron distribution is restricted to a 'disc' near the pi axis. We may therefore approximate sin6 = 1, cos = 7r/2 -6 = so that
and hence
In this case the approximately straight line segment to which the integral is restricted is horizontal and f a exp(-Ap2/p 2 ) modelling a distribution with Gaussian parallel variation and parallel temperature
The emissivity is in fact a simple moment of the parallel momentum, again regardless of the precise form of model for the distribution, are useful for understanding the results already observed in the numerical curves for |AI >> 1. However, it is likely that most experimental plasmas will be insufficiently anisotropic for these to be accurate approximations. Usually the numerical results will be required.
This point is illustrated in Fig.8 where the approximate and exact results are compared.
FINITE-DENSITY CORRECTIONS
When the plasma density is such that significant modifications to the refractive index occur, the full Eq.(6) for the emissivity must be The corrections are of three basic types. First, the argument of the Bessel function (Yk i vi/w) is altered by the additional factor N± because k 1 is different. Second, the emissivity is enhanced by the factor N± (again basically because of phase speed modification). Third, for the extraordinary mode, since K is no longer zero, an extra term must be included in the pitch angle integral. This correction arises because of modification of the wave polarization.
The ordinary wave, whose polarization is unchanged at perpendicular propagation, has no correction of the third type. Therefore our previous results for the angle integrals can be used directly. All that is required is to use N.p instead of p inside the integral. Then an additional multiplication by N+ corrects j+ completely. Note that the correction factors will be different for different harmonics so that Fig.6 cannot be used directly. Generally the effect will be to reduce the lower harmonics relatively more than the higher compared to tenuous plasma calculations; thus for example j /j+ is increased by finite density effects.
The extraordinary mode is much more difficult to deal with exactly.
To do so would require a calculation of the angle integral for essentially every desired value of wp/Q. However, provided we exclude frequencies close to a wave resonance (N + -), which in any case will tend not to be easy to deal with experimentally, we can employ an approximate correction scheme which enables us to use the angle integrals already evaluated.
The approach is to note that K is already a small correction and the recurrence formulae for Bessel functions give N-psin 6
Y (all the arguments being the same). The Jg+ 1 term may also be treated as small, provided N-psinO/y 4 1. Therefore the finite density correction term inside the integral can be written as N 2 K(1+JA+1/JA) times a term of the same form as the tenuous plasma term; i. e. sine Jj.
Although Jk+1/J' is a function of 6, it represents only a second order correction, so we shall obtain sufficient accuracy if we treat it as a constant, equal to its value at the angle at which the integrand is maximum. This angle may readily be shown to be given by
Therefore the approximate form we obtain for the finite density angle integral then reduces (using the expansion for the Bessel functions) to Ot).
(32 This approximate form introduces an error of less than -10% in the coefficient of K, for N-p/y < 1. And it becomes exact in the limit pi + 0, (i.e. A + --or p + 0).
In Fig.9 we plot values of 0G (p cWNi2) as a function of w showin how the finite plasma corrections alter the emissivity. The approximate treatment of the extraordinary mode is indistinguishable in the figure from the full angle integration of the exact equations. The purpose of plotting this particular quantity is that it is a normalized form of the radiation source function, j/N2 (see Section 7); i.e. Thus it takes the shape of the emission spectrum from a plasma in which fp = constant. We have cut off each harmonic at the point where it would overlap with the next lower harmonic, so as to avoid confusion.
Naturally, if fp extends to high enough energy in a practical situation overlap will occur. We have also suppressed emission between Q and the upper hybrid frequency, ( + S21/2, for clarity and also because it will tend to be inaccessbile. 
where Nr is the ray refractive index and is equal to the wave refractive index N± for perpendicular propagation.
This simple relationship enables us to use our results to deduce the perpendicular derivative 3f/ap2 from measurements of absorption provided we regard it as being represented by the form In other cases no such simplification is available.
PRACTICAL APPLICATION
The application of our results to a practical situation requires primarily that measurements of emission intensity should be able to be related to the emissivity and hence to the distribution function.
Naturally a view of the plasma will provide only an average value of j along the line of sight. This is, of course, no different from many other types of diagnostic and radial information may be obtained, For the emission intensity to be proportional to j also requires that absorption be negligible i.e. the plasma must be optically thin.
This will depend on f(pI but may, in some circumstances rule out the first harmonic [16] or ultimately prevent the approach from working for any harmonic. For example the thermal bulk plasma is usually too dense even up to X = 3 to be diagnosed explicitly therefore one must avoid w X S1 in the spectrum.
When the plasma refraction is non-negligible, it is important also to account for this fact in relating the observed intensity to local emissivity. If absorption is negligible then the intensity is given by
where Nr is the ray refractive index (again equal to N for perpendicular propagation). This corrects for the fact that solid angles within which the radiation propagates vary with Nr* It was in anticipation of this point that Fig.9 plotted the quantity in Eq.(33) which is the appropriately normalized source function observed by emission measurements in finite-density plasmas.
In practice, another difficulty may be harmonic overlap which will tend to obscure the true harmonic ratios. Mild overlap may be able to be compensated for using information from more than two harmonics or else by making plausible assumptions about how the distribution function extrapolates. However, strongly relativistic electron distributions will probably defeat our scheme.
A final critical practical point is the necessity of avoiding radiation entering the acceptance angle by multiple reflections from the chamber walls. This effect would tend to distort as well as enhance the spectrum because the multiply reflected radiation will not in general propagate perpendicular to the field nor along the initial line of sight where |B! is constant. Rather effective viewing dumps are required in order to reduce the multiple reflections to a negligible level and despite the fact that suitable ones have been developed [17] this problem will probably remain the limiting factor in practical experiments. This is particularly so for large anisotropy where one wishes to take the ratio of two emissivities (either harmonics or polarizations) with very different magnitudes.
CONCLUSION
We have shown that cyclotron emission from mildly relativistic electrons can potentially provide very detailed information about the electron distribution function. We have calculated emissivities for tenuous and finite-density plasmas using a model of the distribution which lends itself to direct determination via the cyclotron emission. Using these calculations it is possible to determine directly the anisotropy and the phase space density as a function of total electron energy from measurements of two distinct optically thin harmonics (or polarizations).
These results promise to be directly applicable to diagnosing plasmas with significant 'tails' on the electron distribution due, for example, to RF heating or current drive or simple electron runaway. ---. . 
